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a b s t r a c t
Developing a successful bone tissue engineering strategy entails translation of experimental ﬁndings to
clinical needs. A major leap forward toward this goal is developing a quantitative tool to predict spatial
and temporal bone formation in scaffold. We hypothesized that bone formation in scaffold follows
diffusion phenomenon. Subsequently, we developed an analytical formulation for bone formation, which
had only three unknown parameters: C, the ﬁnal bone volume fraction, a, the so-called scaffold osteo-
conduction coefﬁcient, and h, the so-called peri-scaffold osteoinduction coefﬁcient. The three parameters
were estimated by identifying the model within vivo data of polymeric scaffolds implanted in the femoral
condyle of rats. In vivo data were obtained by longitudinal micro-CT scanning of the animals. Having
identiﬁed the three parameters, we used the model to predict the course of bone formation in two
previously published in vivo studies. We found the predicted values to be consistent with the experi-
mental ones. Bone formation into a scaffold can then adequately be described through diffusion
phenomenon. This model allowed us to spatially and temporally predict the outcome of tissue engi-
neering scaffolds with only 3 physically relevant parameters.
! 2011 Elsevier Ltd. All rights reserved.
1. Introduction
Bone formation inside scaffold is a complex process. It involves
migration of several cell types [1], proliferation [2], differentiation
[3], angiogenesis [4,5], and mineralization [6], as well as the
interaction of numerous cytokines and growth factors [7]. Bone
formation also depends on the architecture of the scaffold [8], its
surface properties [9], the mechanical stimulation [10,11], the
implantation site [12], and the boneescaffold interface [13].
Probing the effects of each parameter and their interaction has
proven challenging. Mathematical modeling of bone formation
inside scaffolds has been used to understand the underlying
mechanisms and help design experiments.
The existing mathematical models are mainly based on
mechano-regulation theories [14e16], or growth factor dynamics
[17,18], similar to computational studies on fracture healing
[7,19,20]. These models allow studying the effect of scaffold archi-
tecture, cell density, mechanical stimulation and vascularization on
the fate of tissue engineering constructs. The available models are
usually complex with several coupled nonlinear equations,
involving dozens of unknown parameters [18]. The theoretical
studies are mostly developed without accompanying experiments
to identify the numerous parameters appearing in the models. The
results are then compared qualitatively with experimental obser-
vations [7].
In the present study, we take an alternative approach. We
hypothesize that bone formation in scaffold follows the diffusion
equation. To test the hypothesis, a longitudinal in vivo experiment is
developed to spatially and temporally quantify osteogenesis inside
scaffold using micro-computed tomography. The unknown
parameters of the model are identiﬁed with the in vivo data. The
model having only 3 identiﬁed interpretable parameters is then
used to predict bone formation reported in two published in vivo
experiments.
2. Materials and methods
2.1. Surgery
Left distal femurs of 7 female Wistar rats (weight 245e250 gr) were drilled
(Veterinary Authority from the Canton of Vaud, authorizations No. 2140) and scaf-
folds of 3 mm in diameter and height made of PLA þ 5% wt. b-TCP [21] were
implanted inside the holes (Fig. 1a) following a published protocol [11]. Prior to
implantation, the scaffolds were perfused with PBS to remove air bubbles. No cells or
growth factors were added in the scaffold.
2.2. Micro-CT scanning
All animals were scanned at 7 time points (2, 4, 7, 11, 15, 22 and 35 weeks after
surgery) using SkyScan 1076 In Vivo Scanner (SkyScan, Belgium). Each leg was
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stretched and separated from the body and scanned along with two phantoms and
a tube of water for calibration purposes. The scanning parameters were the same for
all scans (18 mm, 80 kV, 124 mA, 1 mm Al ﬁlter, 600 ms exposure time). Recon-
struction was done using NRecon software (SkyScan).
2.3. Measurement of bone volume
The region of interest (ROI) was a cylinder ﬁtting the defect in the bone. It
started from the exterior of the cortical bone and ended at 1 mm from the tip of the
cone-shape defect made by the drill tip (Fig. 1b). The ROI was divided into 16
axisymmetric regions, such that the height and thickness of the regions were equal,
resulting in 16 concentric regions. The images inside each region were segmented
with a threshold of bone mineral density (BMD) equal to 0.5 gr/cm3. The corre-
sponding bone volume fraction (BVF) in each region was quantiﬁed. All calculations
were done in Matlab (Mathworks, USA).
2.4. Mathematical model
Assuming that the continuum model governing bone formation inside the
scaffold was the diffusion equation, we have
vc
vt
¼ aDc (1)
where c denoted the BVF, t was time in days, a(mm2/day) was deﬁned as the so-
called scaffold osteoconduction coefﬁcient, and ∆ was the Laplacian. Considering
axisymmetric geometry, Equation (1) was written as
vc
vt
¼ a
"
v2c
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þ 1vc
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2c
vz2
#
(2)
where r and z were spatial variables of the coordinate system shown in Fig. 1b.
As BVF was higher in the surrounding bone tissue, we assumed that a bone ﬂux
exists from surrounding bone to scaffold, but that there was no ﬂux at the scaf-
foldemuscle interface. These hypotheses translated themselves in the following
boundary conditions:
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where R and Hwere the radius and height of the scaffold, respectively. We deﬁned h
(mm/day) as the so-called peri-scaffold osteoinduction coefﬁcient, and C as the ﬁnal
BVF. As the scaffold was initially devoid of bone, the corresponding initial condition
was
cðr; z; tÞjt¼0 ¼ 0 (5)
Employing the method of separation of variables, we solved Equation (2) with
the deﬁned boundary and initial conditions. The detail of the solution is given in the
Appendix. Integrating over each region of interest inside the scaffold (Rpq in Fig. 1b),
we obtained the bone volume (BV) in each region Rpq
BVðtÞjRpq ¼
Z
VRpq
cðr; z; tÞdV ¼ C
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Following an approach similar to heat transfer [30], we deﬁned Bi and Fo as Biot and
Fourier numbers, respectively
Bi ¼ hR
a
; Fo ¼ at
R2
(9)
The deﬁnition of other parameters is given in the Appendix. It is noteworthy to
mention that although the equations seem to be complex, they contain only 3
unknown parameters, C, a and h.
2.5. Model identiﬁcation
In order to have a ﬁnite series from Equation (6), Eij and Iij were calculated for
successive values of i and j. Both values converged rapidly, so theywere truncated by
the ﬁrst ﬁve coefﬁcients (i,j ¼ 1,2,3,4,5). Nonlinear regression using the Lev-
enbergeMarquardt algorithm [22] was employed to ﬁt the in vivo data to the model
and the three unknown parameters, C, h and a, were estimated. The sensitivity of the
response to initial estimates for the parameter estimation was examined to test the
uniqueness of the results. Conﬁdence intervals of the estimated parameters were
calculated using residuals and covariance matrix [22].
Fig. 1. (a) Anterior-posterior view of distal femur with an implanted scaffold, (b) the axisymmetric cross-section of bone and scaffold. The region of interest is a cylinder starting
from the bone edge and ending at 1 mm from the end of the hole (the mark made by the drill tip).
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2.6. Parametric study
One advantage of mathematical modeling is the ability to study the relationship
between different parameters. Dimensional analysis, in particular, is a powerful
technique that groups different parameters into fewer dimensionless numbers.
Here, we have two dimensionless numbers: Biot and Fourier numbers (Bi and Fo,
respectively). We deﬁne the characteristic time, T, as the time needed for the scaffold
to be ﬁlled with 75% of ﬁnal BVF. A relation between Bi and Fo can be found by
solving Equation (6) at t ¼ T.
2.7. Case studies
The proposed model with estimated parameters, i.e. C, h and a obtained from
the present in vivo study, was used to predict the bone formation obtained from two
other published in vivo experiments. The ﬁrst in vivo experiment studied was
a segmental bone defect in the rat femur [23], and the second one was cortical bone
perforations in the mice femur [24].
In the ﬁrst in vivo study used to validate our model, Rai et al. [23] implanted
cylindrical polycaprolactone-20% tricalcium phosphate (PCL-TCP) scaffolds in a rat
femoral segmental defect. The scaffolds were 8 mm in height and 4 mm in diameter
(Fig. 2a). The BVF were measured at 3 and 12 weeks post-operatively using a micro-
CT. To identify the in vivo segmental defect with our model, we considered that bone
ﬂux enters the scaffold from the two ends only. The calculation of BVF with our
model was implemented in COMSOL (Comsol Inc, USA) using axisymmetric geom-
etry. The proximal and distal sides of the scaffold were subjected to ﬂux boundary
conditions. Zero ﬂux condition was assigned to the exterior side of the scaffold. The
model was meshed using triangular elements and the diffusion equationwas solved.
In the second in vivo study used to validate our model, Monfoulet et al. [24]
reported the pattern of bone healing in the cortical diaphysis of mouse femur. The
defect was a cylinder of 0.9 mm in diameter and 0.3e0.5 mm depth (Fig. 2b). No
scaffold was used in this case and the bone healing was measured at 14 and 28 days
usingmicro-CT. In order tomodel this in vivo experiment, we assumed that there are
bone ﬂuxes at the bottom and surrounding walls of the hole, and there is no ﬂux
from the top side. As the geometry and the boundary conditions were similar to our
case, Equation (6) was used to calculate BVF in the defect.
3. Results
3.1. In vivo results
Fig. 3 shows the evolution of bone in the same location of
a representative sample at different time points. Bone formation
started as early as 2 weeks close to the boneescaffold interface, as
can be seen in region R44 for instance. The interior of scaffold (R11)
was left empty until almost 7 weeks had passed (Fig. 4). At later
measurement times, the rate of bone formation in R44 decreased
and BVF approached an asymptotic value (C). The rate of bone
formation in R11 seemed to be constant and BVF was still increasing
at the later measurements.
3.2. Model parameters identiﬁcation
The identiﬁcation of the three parameters of our model allowed
us to obtain a good ﬁt of the in vivo data, both temporally and
spatially (line red, Fig. 4). Not only was the estimated model within
the conﬁdence interval, but it also follows the pattern of BVF
Fig. 2. (a) Segmental defect in rat femur [23], (b) cortical perforation in mouse
femur [24].
Fig. 3. Cross-section of scaffold and bone at different time points, (a) 2 weeks, (b) 4 weeks, (c) 7 weeks, (d) 11 weeks, (e) 15 weeks, (f) 22 weeks, and (g) 35 weeks, after the surgery.
At early time points (aec) we see small amount of bone formation at the peripheral part of the scaffold, and the interior of the scaffold is almost empty. However, at late time points
(feg), we observe almost a uniform distribution of bone.
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evolution over time in different regions. The estimated parameters
and the corresponding 95% conﬁdence intervals are shown in
Table 1.
3.3. Validation of the model with the cases studied
The results of the cases studied are shown in Table 2, comparing
the experimental and predicted values for BVF. Although we used
the same identiﬁed values of C, a and h obtained from our rat
experiment, the predicted values for BVF are close to the experi-
mental values of the two published in vivo studies.
3.4. Dimensional analysis
Based upon the situationwhere BVF reaches 75% of the ﬁnal BVF
(C), we calculated the corresponding relation between Biot and
Fourier dimensionless numbers for our in vivo experiment (Table 3)
which is of bilinear form in the logelog scale (Fig. 5). In mathe-
matical terms, this can be expressed as:*
Fo:Bi ¼ K1; for Bi ( 1
Fo ¼ K2; for Bi[1 (10)
where K1 and K2 are constants depending on the geometry and
boundary conditions of the considered experimental situation. To
compare the three cases, we also calculated the Biot and Fourier
numbers for each case, given the condition that scaffolds or defects
are ﬁlled with 75% of ﬁnal BVF (Table 3). The Fourier numbers are
almost the same for all three cases, but the Biot number is markedly
different between the three cases.
4. Discussion
In this study, we hypothesized that bone formation in scaffold
follows the diffusion equation. Based on this hypothesis, we
developed an analytical formulation which has only three
unknown parameters. To identify these parameters we devised an
in vivo experiment where we employed micro-CT scanning to
longitudinally measure the bone formation. We validated our
model by predicting the course of bone formation of two different
published in vivo studies.
In vivomicro-CT scanning allowed us tomonitor bone formation
for all animals at 7 time points up to 35 weeks. Dividing the scaf-
folds to 16 regions further provided us with the spatial resolution
needed for the identiﬁcation of the three parameters in our
formulation. So effectively, we had 112 data sets for all time points
Fig. 4. The mean and its 95% conﬁdence interval for BVF are shown as thin error bars for all regions inside the scaffold. The calculated value and the 95% conﬁdence interval are
shown as thick and dashed red curves, respectively. In almost all regions, the calculated interval is within the measured interval. (For interpretation of the references to colour in
this ﬁgure legend, the reader is referred to the web version of this article.)
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and regions. However, the model had only 3 unknown parameters
that were identiﬁed using the in vivo data. The model could
adequately ﬁt the data and follow the pattern of bone formation at
all time points and in every region. The in vivo data and the pre-
dicted curves showed two different patterns of evolution of BVF
over time. In the regions further from bone, like R11, we observed
that curves are “s-shaped”, meaning that there is a period of slow
increase in rate of BVF (latency period) followed by a period of
signiﬁcant increase in BVF. In the regions closer to the bone, there is
no latency period and the rate of BVF is initially high but then it
decreases with time. One can expect that the larger the scaffold is,
the longer the latency period in the inner part of scaffold will be.
Comparing the result of case studies with our model subjected
our hypothesis to an additional test. In the case of the segmental
defect of rat femurs, the predicted and experimental values were
close, even though the scaffold used was PCL-TCP and the
implantation site was different. This does not imply that every
scaffold performs the same and all implantation sites have similar
osteoinduction capabilities. However, PCL-TCP scaffold [23] had
similar architecture to our scaffold and both were polymer-based
and contained TCP particles. It is interesting to note that the char-
acteristic time needed for the segmental defect to heal is more than
6 years. It conﬁrms that the rat femoral model [23] is a critical size
defect, i.e. it does not heal during the life time of the animal [25]. In
the case of small perforations in mice femurs [24], our model
resulted in BVF values close to the reported values, despite the fact
that the animal model is different. Similar observations have been
reported before in a bone chamber study where no signiﬁcant
difference was found between the bone ingrowth rate in rats and
goats [26]. In a recent study, a contradictory result has been
reported where it has been proposed that bone healing process is
probably different between rat and sheep [27]. While this species
dependency of the parameters is not by itself a limitation of the
proposed model, generalization of identiﬁed parameters between
species should be veriﬁed by experimental data.
The basic assumptions in our model were the governing law, i.e.
the diffusion equation, and the type of boundary conditions. The
reaction-diffusion model is the main equation in modeling cell
migration [2], bone growth [28], bone healing [29], tumor growth
[30], and angiogenesis [31]. In our study, we considered the case
where the scaffold was not seeded with osteogenic cells or loaded
with growth factors, hence we neglected the reaction term. As the
boundary conditions, we assumed that the only source of bone
formation is a ﬂux of bone tissue at the boneescaffold interface into
the scaffold. Indeed, if the scaffold is seeded with osteogenic cells
prior to implantation, the model could be extended into a reaction-
diffusion model by introducing a reaction term. The reaction term
should then be identiﬁed with experimental data. In fact, the
results of this study suggest that for larger scaffolds, one cannot rely
only on the cells stemming from neighboring tissues, but an
internal source of bone formation is needed. Although this is
already known, the advantage of our model is its ability to predict
the maximum size of scaffold that could be used without osteo-
genic factor while still supporting bone formation in a reasonable
amount of time.
In this study, we introduced several new parameters. The scaf-
fold osteoconduction coefﬁcient, a, is a property of scaffold and it
depends on the material, surface properties, and architecture of
scaffold. It also depends on the ease with which cells and other
biological agents diffuse inside the scaffold. The peri-implant
osteoinduction coefﬁcient, h, is a property of the surrounding
tissue and it depends on the species, age, site of implantation,
vascularity of the surrounding tissue, and the quality of the inter-
face between scaffold and bone [13]. The value of the peri-implant
osteoinduction coefﬁcient could then varied between different
clinical situations. C is deﬁned as the ﬁnal BVF in the scaffold. The
value of C depends on the architecture of the scaffold, particularly
the porosity and surface area of the scaffold. If the scaffold is not
porous enough, there is less room for forming bone. Also as bone
Table 1
The estimated values of C, a, h.
Parameter Unit Estimation Conﬁdence interval
C % 0.6859 )0.0329
a mm2/day 0.0041 )0.0005
h mm/day 0.0073 )0.0012
Table 2
Comparison between the experimental and predicted BVF for the three cases.
In vivo experiment Time
points
Experimental
BVF (%)
Predicted
BVF (%)
Rat distal femur (this
article)
7 Weeks 19 ) 2 24
22 Weeks 41 ) 7 47
Segmental defect in rat [23] 3 Weeks 1.4 ) 0.2 1.9
12 Weeks 4.2 ) 1.0 5.7
Cortical perforation in
mice [24]
14 Days 45 ) 13 36
28 Days 58 ) 8 52
Table 3
Dimensionless numbers, characteristic time and length for the three in vivo cases.
Although the Fourier number is the same for small cortical perforation model [24]
and the large segmental defect [23], the characteristic time is massively different.
Ten times change in the characteristic length between the two models results in 85
times change in the characteristic time.
In vivo
experiment
Characteristic
length (mm)
Biot
number
Fourier
number
Characteristic
time
Rat distal femur
(this study)
1.5 2.67 0.40 31 Weeks
Segmental defect
in rat [23]
4 7.12 0.61 6.5 Years
Cortical
perforation
in mice [24]
0.4 0.80 0.60 4 Weeks
Fig. 5. The relation between Fourier and Biot numbers such that scaffold is ﬁlled with
75% of ﬁnal BVF, C. The graph shows a clear bimodal behavior, where for low Bi values,
there is an inverse relation between Bi and Fo, and for high Bi values, the Fo is constant.
h dominant means that scaffold does not play a key role in healing, while a dominant
implies that if the scaffold is not osteoconductive enough (higher a), osteogenesis is
impaired.
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forms around the pore walls, we can expect to have higher BVF in
scaffolds with a higher surface area.
The two dimensionless numbers, Biot and Fourier numbers, can
be of special interest in the ﬁeld of bone tissue engineering. Biot
number indicates if bone formation is dominated by scaffold
osteoconductivity, a, or by the interaction with surrounding tissue,
h. If a is larger than h (i.e. the scaffold is highly osteoconductive), or
if the size of the scaffold is small, then Bi<<1. In this case, Equation
(10) shows that the characteristic time, T, is proportional to the size
of the scaffold and inversely proportional to h (as Fo*Bi¼ hT/R¼ K1).
Conversely, when a is much smaller than h (i.e. the scaffold is
poorly osteoconductive), or when the size of the scaffold is large,
then Bi>>1 and T has a quadratic relation with the size of the
scaffold such that Fo ¼ aT/R2 ¼ K2. In other words, when Bi<<1 the
scaffold does not play an important role in the bone regeneration
process and the surrounding tissue will heal the defect easily.
However, when Bi>>1, the surrounding tissue will have difﬁculty
healing the defect alone and the scaffold plays a key role in the
healing process. The two cases studied support this concept very
well. The femoral perforation model had a Biot number of 0.8
suggesting that the surrounding tissue could heal the defect even
without the aid of any scaffold. In contrast, the segmental defect
had a Biot number of 7.12, which is consistent with our suggestion
that the scaffold is not sufﬁciently osteoconductive.
One important advantage of the proposed model is its
simplicity. Our model was able to ﬁt the quantitative in vivo data
over a long period of time (35weeks) and in different regions inside
the scaffold. Furthermore, only three parameters, C, a and h, that
are physically meaningful are required for the description. In
contrast, available mathematical models are mostly mechanistic
and they usually employmany parameters [7,14,16]. The estimation
of additional parameters using only the BVF measurement is not
possible due to the redundancy of the parameters. Nevertheless,
mechanistic models give insights on the biological basis of osteo-
genesis inside the scaffold. A combination between the two
approaches can further deepen our understanding of the process of
bone formation.
Sengers et al. [2] studied MSC migration and proliferation on
trabecular bone structure which is similar to the structure of our
scaffold [21]. Employing a diffusion-reaction equation, they esti-
mated the diffusion coefﬁcient for cell migration to be 0.055 mm2/
day based on in vitro experimental results. Comparing this value to
our estimated scaffold osteoconduction coefﬁcient a (which can be
regarded as diffusion of bone into scaffold, although bone does not
literally diffuse), we see that bone formation is one order of
magnitude slower than cell migration, i.e. the process of mineral-
ization happens at a slower pace. This might suggest that the
bottleneck in the process of bone formation is the differentiation
and mineralization process, and not the cell migration.
When designing a strategy for bone tissue engineering,
employing the proposedmodel can be helpful in several ways. First,
it yields an estimate of the time required to mineralize implanted
scaffolds. Thus, one can tailor the degradation rate of the scaffold to
the actual rate of bone formation. Also, given the gradient of bone
formation, one can estimate the evolution of mechanical properties
of the scaffold-bone construct.
5. Conclusions
We hypothesized that bone formation inside scaffold follows
diffusion phenomenon. We veriﬁed this hypothesis by a combined
mathematical-experimental approach. The three parameters
appearing in the diffusion law for bone formation characterize the
ﬁnal bone volume fraction, scaffold osteoconduction and the peri-
scaffold osteoinduction properties. This model provides a direct
theoretical tool to optimize the scaffold performance for bone
formation. Interestingly, by introducing two dimensionless
numbers in the diffusion equation, namely Biot and Fourier
numbers, a comparison of the osteoconductive performances for
different scaffolds at various implantation sites could also be
obtained. The proposed model could successfully capture the
course of bone formation in two other published in vivo experi-
ments. Thuswe conclude that bone formation inside scaffold can be
predicted by diffusion law.
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Appendix
We start by nondimensionalizing the equations using
u ¼ c# C
C
; x ¼ r
R
; y ¼ z
H
; b ¼ R
H
; Fo ¼ at
R2
;Bi ¼ hR
a
(11)
where R is the radius of the scaffold and H is the height of the
scaffold. Bi and Fo are named similarly to the nomenclature of heat
transfer [32]. Thus
vu
vFo
¼ v
2u
vx2
þ 1
x
vu
vx
þ b2v
2u
vy2
(12)
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vx
!!!
x¼1
¼ #Bi:uðx; y; FoÞjx¼1 (13)
vu
vx
!!!
x¼0
¼ 0 (14)
vu
vy
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y¼1
¼ #1
b
Bi:uðx; y; FoÞjy¼1 (15)
vu
vy
!!!
y¼0
¼ 0 (16)
uðx; y; FoÞjFo¼0 ¼ #1 (17)
Employing the method of separation of variables, we seek
a solution of the form
uðx; y; FoÞ ¼ e#aFoXðxÞ$YðyÞ (18)
Substituting (18) in (12), we obtain a representation in a variable
separable form
#a ¼ X
00
X
þ 1X
0
xX
þ b2Y
00
Y
(19)
Assuming
Y 00
Y
¼ #u2 (20)
and replacing it into (19) and re-writing it, we will have
x2X00 þ xX0 þ g2x2X ¼ 0 (21)
where
g2 ¼ a# b2u2 (22)
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Equation (21) can be identiﬁed as Bessel’s differential equation
of order zero, the solution of which takes the form
XðxÞ ¼ AJ0ðgxÞ þ BY0ðgxÞ (23)
where Jn(x) is the Bessel function of the ﬁrst kind of order n and Yn(x)
is the Bessel function of the second kind of order n. As Y0(0) is not
ﬁnite, we require B ¼ 0.
Solving Equation (20) and replacing it into Equation (18), wewill
have
uðx; y; FoÞ ¼ e#
"
g2þb2u2
#
FoAJ0ðgxÞ$½CsinðuyÞ þ DcosðuyÞ' (24)
Boundary condition (14) is already satisﬁed (J1(0) ¼ 0), and
satisfying (16) entails C ¼ 0. In order to satisfy (13)
Bi$J0ðgÞ ¼ gJ1ðgÞ (25)
which is satisﬁed at gi(i ¼ 1,2,3,.). Similarly, satisfying (15) will
result in
Bi ¼ butanðuÞ (26)
which is satisﬁed at uj(i ¼ 1,2,3,.). Therefore the solution (24)
should be generalized to include all such values of gi and uj, and the
summation of such solutions gives the ﬁnal solution as
uðx; y; FoÞ ¼
XN
i¼1
XN
j¼1
EijJ0ðgixÞcos
"
ujy
#
e#
"
g2i þb
2u2j
#
Fo (27)
where Eij ¼ AiDj. Applying initial condition (17), we will have
Eij ¼ #
Z1
0
Z1
0
xJ0ðgixÞcos
"
ujy
#
dxdy
Z1
0
Z1
0
xJ20ðgixÞcos2
"
ujy
#
dxdy
(28)
which can be further simpliﬁed to
Eij ¼ #
4
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$
J1ðgiÞ
J1ðgiÞ2þJ1ðgiÞ2
$
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"
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#
uj þ sin
"
uj
#
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"
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Substituting the original variables back into Equation (27), we
will have
cðr;z;tÞ¼C
241#XN
i¼1
XN
j¼1
EijJ0
$gi
R
r
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'
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z
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t
35 (30)
which is the ﬁnal solution of Equation (2). Given the BVF, c, we can
calculate the bone volume inside each region, Rpq, shown in Fig. 1b.
For that, we need to integrate c(r,z,t) over the volume of each
region, VRpq. The result is
BVðtÞjRpq ¼ C
24VRpq #XN
i¼1
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j¼1
EijIije
#
"
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2u2j
# a
R2
t
35 (31)
where Iij is
Iij ¼
2pRH
giuj
$
h
rJ1
$gi
R
r
%irpþ1
rp
$
&
sin
'
uj
H
z
()zqþ1
zq
(32)
where rp and zq denote the coordinates of the boundaries of each
region.
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